A triple basis set in Hylleraas coordinates is used to obtain improved variational bounds for the nonrelativistic energy and other properties of He, H Ϫ , and Ps Ϫ . The accuracy, numerical stability, and computational efficiency are compared with recent work based on quasirandom basis sets. The Kato cusp conditions are used to assess the accuracy of the wave functions at short distances.
I. INTRODUCTION
Calculations of the ground-state energies for helium, H Ϫ , and Ps Ϫ by variational and other means continue to provide benchmark tests of the relative accuracies and efficiencies of various methods of calculation. Traditionally, the best results have been obtained by variational calculations in Hylleraas coordinates in which the trial wave function is written in the form 
Ϯ͑exchange͒, ͑1͒
where r 12 ϭ͉r 1 Ϫr 2 ͉ is the interelectron coordinate, the a i jk are linear variational parameters determined by matrix diagonalization, and ␣ and ␤ are nonlinear scale factors that can be separately varied to minimize the energy. The size of the basis set is typically controlled by progressively increasing the value of ⍀. Calculations of increasing size and sophistication ͑sometimes including logarithmic terms and fractional powers͒ have been done by many authors since the early days of quantum mechanics ͓1-13͔, resulting in progressively lower upper bounds on the ground-state energy. The best results so far have been obtained with ''double'' basis sets in which each combination of powers ͕i, j,k͖ is included twice with different exponential scale factors ␣ 1 , ␤ 1 and ␣ 2 , ␤ 2 ͓10͔. There has recently been considerable interest in a rather different kind of trial function which can be expressed in the form ͓14 -17͔
where ͕␣ i , ␤ i , ␥ i ͖ are triplets of numbers ͑including complex ␥ i ) that are chosen in a quasirandom fashion. The result is a kind of Monte Carlo calculation with a random distribution of exponential scale factors and no powers of the radial coordinates at all. Recent refinements to the quasirandom distribution of scale factors have yielded an improved upper bound to the ground-state energy of various three-body systems ͓16͔.
The purpose of this Brief Report is to extend our previous results for double basis sets in Hylleraas coordinates ͓10,13͔ to triple basis sets. For sufficiently large basis sets, it becomes advantageous to include each combination of powers ͕i, j,k͖ in Eq. ͑1͒ three times with three independently optimized sets of exponential scale factors. This strategy yields better convergence and lower eigenvalues for a given size of basis set than simply increasing ⍀ to include more powers. The result is a new lowest upper bound for the ground state of three-body systems.
The stability and computational efficiency of the method will be compared with the quasirandom method. The Kato cusp conditions will be used to test the accuracy of the wave function itself at short distances. As has recently been discussed ͓18͔, an accurate variational energy does not necessarily guarantee an accurate wave function at short distances for the calculation of relativistic and QED effects.
II. CALCULATIONS
For a triple basis set, the complete trial function becomes
where the sum over p covers the three sets of nonlinear parameters
, and ␣ (3) , ␤ (3) for the asymptotic, intermediate, and short-range sectors, respectively. The screened hydrogenic term for nuclear charge Z is included for completeness on the right-hand side since it is important for Rydberg states. However, it makes little difference for the ground state of helium, and it must be omitted for the negative ions where it is not defined.
If all terms with iϩ jϩkр⍀ were included in each sector, then the number of terms per sector would be (⍀ ϩ1)(⍀ϩ2)(⍀ϩ3)/6. However, since the optimized ␣ (p) , ␤ (p) pairs are nearly equal, terms with iϽ j can and should be omitted in order to preserve numerical stability. The number of terms in the p th sector having ⍀ϭ⍀ p is then the integer closest to for both even and odd ⍀ p . In addition, we employed a form of truncation first suggested by Kono and Hattori ͓19͔ in which terms with iϩ jϩkϩ͉iϪ j͉Ͼ⍀ p and kуk are omitted in sectors 2 and 3 ͑the intermediate and short-range sectors͒. This is not an absolute truncation-the omitted terms eventually reappear as ⍀ increases. With the definition ⍀ p ϭ⍀ p Ϫk , the number of terms omitted for a given ⍀ p is
For helium, we set ⍀ 1 ϭ⍀ 2 ϭ⍀ 3 ϭ⍀ and, after some experimentation, found that one can set k ϭ4 without significantly affecting the convergence. The total number of terms for the triple basis set is then N tot ϭ3N(⍀)Ϫ2N (⍀Ϫ4). For H Ϫ and Ps Ϫ we found that relatively few terms are needed in sector 3, but that k should be increased to 7. We therefore set ⍀ 1 ϭ⍀ 2 ϭ⍀, ⍀ 3 ϭ⍀Ϫ8, and k ϭ7. The total number of terms is then 2N(⍀)ϩN(⍀Ϫ8)ϪN (⍀Ϫ7)ϪN (⍀Ϫ15).
Having constructed the basis set, the principal computational step is to solve the generalized eigenvalue problem 
If R(⍀) were a constant, then the series would be a geometric series with the limit
Since the actual values of R(⍀) show some scatter and tend to decrease with ⍀, we fit them to the functional form a/⍀ b and sum the series of differences numerically to obtain the extrapolated value. The uncertainty is derived from the uncertainty in the values of the fitting parameters a and b. In each of the three cases, the largest basis set gives the lowest upper bound obtained so far, and the extrapolated result is more accurate than Korobov's result ͓16͔ by about an order of magnitude. However, it is satisfying that all the results agree to within their estimated accuracies, even though they were obtained with quite different strategies for the construction of basis sets. The complete wave functions can be immediately regenerated from the values of the optimized scale factors ␣ (p) and ␤ (p) listed in Table IV for ϱ He and Ps Ϫ . The optimization produces a natural partition of the basis set into three distinct 
the short-range behavior. Note that the latter two continue increasing approximately linearly with ⍀ such that the function r ⍀ exp͓Ϫ␣(⍀)r͔ peaks at about the same distance rϭ⍀/␣(⍀), independent of ⍀. These sets of functions can be thought of as spreading inwards to describe complex correlation effects at progressively shorter distance scales. This linear increase with ⍀ is essential in order to avoid problems with numerical linear dependence in the basis set. Provided that this precaution is observed, the method has good numerical stability with standard quadruple precision arithmetic. In comparison, the quasirandom method used by Korobov ͓16͔ and Frolov ͓21͔ required where q i and q j are the charges and m i and m j the masses of the particles. The quantity C i j ϭ1Ϫ i j / i j (0) then measures the relative departure of the calculated value from the exact value. The results for the electron-nucleus cusp are C en ϭ0.1, 0.9, and 2 ppb ͑parts per billion͒ for He, H Ϫ , and Ps Ϫ , respectively. For the electron-electron cusp, the values are C ee ϭ8, 100, and 200 ppb, respectively. The values for Ps Ϫ are about a factor of 100 smaller than those reported by Frolov ͓23͔. They indicate that the present wave functions 
IV. DISCUSSION
The results presented here demonstrate that a triple basis set in Hylleraas coordinates is capable of exceeding the accuracy of recent calculations for three-body systems based on quasirandom Monte Carlo methods, while using basis sets of about the same size. The excellent numerical stability resulting from the use of multiple basis sets obviates the need for extended precision arithmetic beyond standard quadruple precision, at least up to current levels of accuracy. In addition to its numerical stability, the current method is computationally much more efficient than the ''booster'' form of the quasirandom method recently employed by Frolov ͓17͔ , and it provides a well-defined convergence pattern that can be used to assess the accuracy of the results. In addition, the small table of optimized scale factors in Table IV provides sufficient information to regenerate the entire sequence of progressively larger wave functions.
The 22-figure accuracy of the present nonrelativistic eigenvalues of course goes well beyond the accuracy warranted by the uncertainty in the Rydberg constant itself. However, this extraordinary accuracy is a consequence of the variational stability of the energy eigenvalue. As illustrated by the Kato cusp conditions, other quantities are typically accurate to less than half as many significant figures, and it is for the determination of these and other quantities related to relativistic and QED effects that the present results are physically important.
Note added in proof. We have recently learned of two new calcuations for helium by V.I. Korobov ͑unpublished͒ and J.H. Sims and S.A. Hagstrom ͑unpublished͒. The former obtains an improved variational bound by extending the work in ͓16͔ to larger basis sets. 
